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The solut ion to the Bol tzman equat ion is obtained by the Chapman - E  nskog method for  the 
case  of low t e m p e r a t u r e s .  An e x p r e s s i o n  is found with the help of the quantum "diffusion" 
mode l  for  the t he rma l  conduct ivi ty  of a gas mix tu re  at  low t e m p e r a t u r e s .  

Molecular translational degrees of freedom are "frozen in" at low temperatures, at a time when the 
molecular spin makes some contribution to the thermal conductivity of the mixture, i.e., the degree of free- 
dom associated with the internal motion. 

Both monatomic and polyatomic molecules at low temperatures therefore exhibit internal degrees of 
freedom. The translational degrees of freedom are "unfrozen" with a rise in temperature and beginning at 
about 200~ we must begin to give consideration to the contribution of the translational degrees of free- 
dom to the heat conduction of the mixture. 

The conduction of heat in a gas mixture at low temperatures is brought about by quantum "diflhsion" 
[5]. 

In ca lcu la t ing  the l o w - t e m p e r a t u r e  heat  conduc t ionofa  m i x t u r e ,  we must  b e a r  in mind the quantum 
ef fec t .  Quantum theory in t roduces  two va r i a t i ons  into the c l a s s i c a l  k inet ic  theory of ga se s .  

1. Col l i s ions  between two gas  mo lecu le s  mus t  be t r ea ted  f rom the s tandpoint  of the quantum theory  
of c o l l i s i o n s .  The def lec t ion  of the r e l a t i v e - v e l o c i t y  v e c t o r  as  a consequence of the co l l i s ions  of a p a i r  
of mo lecu l e s  with m a s s e s  m 1 and m 2 is a p p r o x i m a t e l y  the same as  in the a s sumpt ion  - r e s o r t i n g  to c l a s -  
s i c a l  theory  - that each  molecule  is  su r rounded  by a "wave" f ield whose l i n e a r  extent  is  on the o r d e r  of the 
"wavelength" [1, 2] 

~, : h/2n V [zkT. 

This  quanti ty is the g r e a t e r ,  the l igh te r  the molecule  and the lower  the t e m p e r a t u r e .  The quanti ty ~ is 
known as  the de Brog l ie  wavelength and c h a r a c t e r i z e s  devia t ion  f rom the c l a s s i c a l  theory  for  the case  in 
which it is  c o m m e n s u r a t e  with o r  g r e a t e r  than the molecu le  d i a m e t e r .  

2. The second va r i a t i on  of c l a s s i c a l  theory  is a s s o c i a t e d  with the change in the M a x w e l l - B o l t z m a n n  
equ i l i b r i um d i s t r ibu t ion  function for  the B o s e - E i n s t e i n  and F e r m i - D i r a c  laws .  

At  v e r y  low t e m p e r a t u r e s ,  the wave f ie lds  a s s o c i a t e d  with the molecu les  become v e r y  much l a r g e r  
than the mo lecu l e s  and it is  pos s ib l e  to have a s ta te  in which the lowest  quantum leve l s  a re  occupied.  A 
gas  in this  s ta te  of l eve l -occupa t i on  is  r e f e r r e d  to as degene ra t e .  

The f i r s t  v a r i a t i o n  (the d i f f rac t ion  effect) is  s igni f icant  when the de Brogl ie  wavelength is on the 
o r d e r  of the m o l e c u l a r  d imens ions .  

The second v a r i a t i o n  (the s y m m e t r y  effect) is  s igni f icant  when the de Brogl ie  wavelength is on the 
o r d e r  of the d i s t ance  between the mo lecu le s  in the gas .  

Unlike the f i r s t  quantum effect ,  the second effect  wil l  be s m a l l e r  at  o rd ina ry  t e m p e r a t u r e  and b e -  
c o m e s  impor t an t  only at ve ry  low t e m p e r a t u r e s  (below 2~K) and at  high de ns i t i e s .  
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The s ta te  of  the v - c o m p o n e n t  gas  m i x t u r e  is  c o m p l e t e l y  d e s c r i b e d  by the d i s t r i bu t ion  funct ion f ( r ,  v ,  
t),  which  is  a so lu t ion  of the i n t e g r o d i f f e r e n t i a l  B o l t z m a n n  equa t ion  which,  wi th  c o n s i d e r a t i o n  of the q u a n -  
tum e f f e c t s  of the gas  m i x t u r e s  whose  m o l e c u l e s  exhibi t  i n t e rna l  d e g r e e s  of  f r e e d o m ,  has  the f o r m  

Ofq, + Vq -- [f~ f'q', (1 + Oqfqk)(1 + Oo,fq,,) 
Ot Or 

q" jkl  

- -  fqffq,dl -]-Oqf~k) (1 + Oq' fq ' l )  ] gI~] sin X d)~dep dvq,. (1) 

H e r e  0 = (h /mq)3(6 /Gq) ,  5 , .  = - 1 ,  0, and 1, r e s p e c t i v e l y ,  f o r  the s t a t i s t i c s  of  F e r m i - D i r a c ,  M a x w e l l - B o l t z -  
and B o s e - E i n s t e i n ;  I~  l is  the d i f f e r en t i a l  e f fec t ive  s c a t t e r i n g  c r o s s  s ec t i on  fo r  the m o l e c u l e s  and mann, 

the subscripts i and j denote the molecular state prior to collision, with the superscripts k and l denoting 
the molecular state subsequent to the collisions. 

The equilibrium distribution function is given by (i) in which the right-hand member is equal to zero. 
For quantum systems we have various equilibrium distribution functions: 

for the Maxwell-Boltzmann statistic 

f~A'  B - -  \ 2kT  + eqi 

Let 

w h e r e  

f o r  the B o s e - E i n s t e i n  s t a t i s t i c  

exv ~ 

f o r  the F e r m i - D i r a c  s t a t i s t i c  

(o) L { m~v~ }-' 
t F- D = t ~ exp [ ~ -  + ~  ) +o~ . 

/ ) /-' 
#o) Aq exp \ 2--2kT + eql - -  0q , (2) 

eq,----Eqi/kT. 

We wil l  s e e k  the a p p r o x i m a t e  so lu t ion  of the B o l t z m a n n  equa t ion  in the f o r m  

Iq~ = ,~,#~ (1 + ~ ) ,  (3) 

where ~qi is the function of the velocity, the temperature, and the pressure gradients. 

Rela t ionsh ip  (3) is  subs t i t u t ed  into (1) and the t e r m s  of second  o r d e r  a r e  neg lec t ed  [1, 3, 6]. Having 
in t roduced  the  subs t i tu t ion  fiqi = q)qi/(1 + 0qf(q] )) [3], we obta in  

m~ 0 #01 _ 
at ~vq~F-,~,- j j j / , ~  tq' i(l+Oqfg~ 1 

q" ]kl 

-+- Of, :~91') (6'0, + ~'q'i --~Jq~ - -  [}o'i) gz~t sin xdxdcpdvq,. (4) 

The  condi t ions  f o r  the so lu t ion  of (4) have  the f o r m  

:Z S ~,o, (1 ~ ~  # o , , .  e.. = o, I ~ q l q t  l ~q i  q 
i 

1 Z Z ~ #0.) [ 1..1_0 #(~), (5) mq tq, t w qJq, i ~q~ vqdvq = O, 
q i 

' ZZ;#o'.+o#o',[+ ] 
tqi ~qtq' f mq (Vq - -  Vo) 2 + Eqi Oq~ dvq-~ O. 

P 
q i 
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We know that  

(0) ~ m q ~ f q i  dvq p(r, t), 
q i 

mq E ~ {~ ~ vqdvq---- ~ mqnqVq = pv o (r, t), 
q i q 

'~' L 2 - " '  (v~ - Vo) ~ + 
q i 

= Urans(r, t) § Uin (r, t) = U(r, t). (6) 

We can calcula te  the de r iva t ives  of the function f~~ Vq, t), in Eq. (4). The final exp re s s ion  for  these 
de r iva t ives  include the coordinate  and t ime der iva t ives -of  the functions nq(r ,  t), v0(r, t), and T(r ,  t). The 
t ime de r iva t ives  a re  e l imina ted  by means  of t r a n s f e r  equat ions .  

As  a r e su l t  of these t r a n s f o r m a t i o n s ,  the equat ion for  the function fiqi has the form 

0 ~(~ n ~ (b: 0 ) [ ( 5  ~) #o) (1 ~- qtq, ~ Or v~ --  - -  tq, (Vq. dq) -1- : - -  W 

+ (eq~ --  %) I q Or ] + - -  3 q -- 1 - -  (eqz~gq) ~ v  o = lqq,. (7) 
cv Cv in 

He re 

dq = &-rO ( ~ ) _t_ ( nq nqmq ) O ln p Or 

( 1 b ~ 2  
( m q ~  1/~ 

W~U'), Wq= Vq, WqWq-- ~- \ 2 k r /  

i 

,(o)'~ (~;, + ~;'i - -  ]3q,-- ~3q,i)gl~ sin )~dTflcpdvq,. = f . . ,  + o ,,o,.,  ( ,  ~qlqt ] 
q" ]kl 

where 

It is convenient to transform the collision integral to the form 

I qq, = F I/e ( Aq) F x/2 ( Aq,) Jqq,, 

Jqq" = F~/~(Aq)F~/XO(Aq ') ~ S S J  ~ tq, #q) f(q~ (1 +~q,q,,A ~(q)% 
q" ]kl 

X ( l  2i-Oq'fi('O}' ) (~;i+ ~;'] ---- ~qi-- ~q']) gli~ sin )~dXeff~dvq.. 

(8) 

(9) 

Here  F, (Aq) -- 1 t ~ u~du is the Sommer f i e ld  in tegra l  [2], in the case  of s = 1 / 2  equal to 
r (s -t- 1) J Aq (exp u)--0q 

0 

2 (in Aq) a/2 1 + (In Aq) -= . s,n (Aq) = ~ T 

On the other hand, 
/ m \3/2 

F1/2(Aq) = nq I ~  ) Oq. 

Equation (7) then assumes the form 

�9 q, n 0 v 5 - - W 2 ~  

(~o) 
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We can present the function flqi as 

[ / ~ . O l n T ~ ( q  Or ] zr ) E ] ~q,=--(1 +oqf~~ k~ B q : ~ v  o - -n  (Cg'.dq,)--Dq~0r v~ " (11) 
q' 

Substituting (11) into (10) and equating the coefficients for identical gradients, we obtain the integral 
equations for the functions Aq, Bq, C~ q', and Dq. ~ q' q In particular,  for A and Cq we have: 

-,  ~(0.),,,a~(0) [ ( 5_) ] 
FI/2 (Aq) tq, t ,  - -"qtqi  ) W 2 - -  @ (Sq i - -  ~q) Vq 

__ 0~i~z S ~ S  (~,: _4_ ~:, ..Aq_A,,, _.kt ,(o) #o~. q_L0 #o)', q . ,(o)', 
- -  g&i Iq~ m'l t ~ qtq~ J t + Vq'lq'i , sin %dzd~dvq,, (12) 

- 1 0 (o) F~/~(Aq)nq'( + q[o~ )(6qh -- 6q~) Vqdq = XXS~s 
q" i~z 

p(h) e(h)• c(h)' e(h)'~alk.t #0),(0)(i+ O r (0)' --~aq --~aq" ~ a q  T~.~q" --x.~q - -~q"  ]S H "lq' Iq'] qIqi ~ t" + 0q, [q,] ) sin xdxdf~dvq,. (13) 

The additional conditions are 

~]/-~q S '~q'e(q')--'~qC(~)') --qto, TM #9 (I-I- Oq[~))dve=O, 
q 

X V E  S (AqWq) [(qO! (1+ Oq ,q~#~ dvq---- O. 
q 

The quantities Aq and Cq have the form 

~,q = WqAq (Wq). 

Cq = WqCq (Wq) 

and are expressed in terms of the coefficients of the expansion in Sonin polynomials [6] 

F/~ n 

C~ C~" cq" (" 
mn 

The Sonin polynomials satisfy the orthogonality conditions 

i x"e -~ S r ~x ~ S (m') (x) dx = F (n + m) 6m~, 
n t ) n rnl ' 

0 

with the following relationships satisfied: 

F~' 2 (Aq) S lq,'(~ ~q,q~.Z-A #oh, ~a/2n(m)(W~) Y~dVq-- 3nqkrmq 6~o, 

S [ ( 5 )  ] 2kT ( 15 f(o) (1 + ~qlq, i mq \ 4 F~/12 (Aq) ,qi A go)~ 33/2m (Wq)2 - -  W2q @(Sqi ---~Sq) W2edVq = nq 6rn i 3 @in 6m0~ 
] 6 

2 k 

P (n)(~qi) represent polynomials of n-th degree such that p(0) = 1 and pO) = ~qi -~q .  

Using the variational method of [1] to solve the integral equations (12) and (13), we derive an equa- 
! IT tion for the determination of the expansion coefficients aqm n and eq q . In general form qmn 

EEE tqqq, r - -  D(h,k )  
~q'm'n - -  --,ixqm 

q" m" n 
(14) 
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where 

- mm" ram" Qqq, = Qqq, 
nq, ]ff rrtq~, r~mm" .~ .~ . 
nq ]f~ "~q,r "too .re'o, 

~,(h,k) .~- Iaq "m'n 
q,q,, �9 tq'm'n [ Cq'm'n 

Here 

and 

Qqqm, , --1 --I = F,/~ (A~) F,/~ (Ar  n ~  {r ~r ,,.'w/:~'q,, W~ e"'~(%3 
l 

(m') 2 l [8qi) n [ llJql~ X S n (Wq)]ql -~ ~q'l [Wq p(s) (Sqi) S(n m) (W~); W p(s') r x s(m') eW2\I ) 

2kT ]1/2 
[L; G]qq, = 4 (QqQq.)-I 

\ ~ q q "  ] 

2~ 

.f dy ~ dqDj" sin zdxT'~]~f exp (--y'---=8qi- 8qj)L (L--G). 
i[kl 0 0 0 

The quantity k) in the ease of the functions Aq and cq  is equal to 

~,,O)(l+Oqf~qo))f(_~__W~)+(%i__~) l (m), VqWqS3/2 aVq, Iqi 

The express ion for the heat-f lux vector  has the form 

Z ( 5  - ) OT ~ _ Z  nq,Dr q = kT ~ + eq nqVq--~, -}- 
~-r mqDqq, ' 

q qq" 

in which case 

k=k'---- 

qq' 

We know that 

Dq =Fl /2(Aq)~-V 2fit aq,~(~),) q 3/2 ,q, 
tn~o 

Uqq, : S~/12 (Aq) 3nmqP~ Ii/~2kT Z cqm (~) f V~S~/%) f(q~ + Oqf~~ dVq, 
m=O 

--Fa/2(Aq) k ] f ~  1 aqm(~) W~ --W v3/2R (m) t~(~ 
q" r n = O  

or by means  of the orthogonality conditions for the Sonin polynomials we obtain 

D r = rnqnq (kT/2mq)W2 aqo , 

Doq, = p (nq/mq) (kT/2mq) 1/2 r 

L'--  5 Z 4 k nq (2kT/mq) 1/2 aqi. 
q 

Relationship (16) is somewhat indeterminate, because of the fact that it contains approximations of 
various orders for 3. ', Dqq,, and D T. To eliminate this indeterminacy, the second approximation for the 
diffusion coefficient must be substituted into (16). 

(t5) 

(16) 
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We know that the coef f ic ien t  of mutual  d i f fus ion and the coeff ic ient  of t he rma l  di f fus ion a r e  a s s o -  
c i a ted  by the r e l a t ionsh ip  

V-q n2 Z (nqmq)_lD r 0 In T 
= - -  mq,Dqq,dq, --  

nqp Or 

To find dq, we in t roduce  the subs t i tu t ion  [7] 

gq= ~- \ 2kT , 
01nr I 

nqm~ ~ / 

Then 

~q----- ~d qth Cqo dq,. 
q" 

In this c a s e  the re la t ionsh ip  

"~'~ ~'~ "~'~ 7,ram" h k hie 
2.,Z,2_, ~ "  C~'m'. = --P,~m, 
q"  rt n l  

where  

with (16) fo r  m = O, m '  = 0 and 1 can  be wr i t t en  in the f o r m  

Z T, oo" _ _  6mO (6qh__ 6q~) + ] \ mq / ~__~ qOt~kq , 
q q" q 

f o r  m = 1 and m '  = 0 and 1 we obtain 

Z N~leqt-"q = - -  ~__.~.~ Uq't'ql t, dkq, 
q q q" 

Having d e t e r m i n e d  the m a t r i x  Pqq,  that  is the r e c i p r o c a l  of Q~lq, by the r e l a t ionsh ip  

P '5n 6kq,, hq'~qq" 
q 

mul t ip ly ing  (20) by the sum  ~ PkiQ q~01,i,, and subs t i tu t ing  the r e su l t  into (19), we obtain 
i 

2 , mq ,-1/2"~-~'--~'(-oo Z - o l - t o  ) 
I . 

q q" 

We will  eva lua te  the las t  t e r m  in (15) for  the hea t - f lux  v e c t o r ,  r e p r e s e n t i n g  it in the f o r m  

Z OT --  nkT . DqT" dq, = Y ~ A ~ .  
rtq,mq, Or q" 

With (17) and (22) we find 

u = ~ 2 ~ q (  mqil/2DT~'[7~~176 h / nh q [ ~,q-- ~'~~ rq,,,,,eq,,~l~ I 

(17) 

(18) 

(19) 

(20) 

(21) 

(22) 

(23) 

(24) 

(25) 
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We determine k = k ' + A, and the quantity Y characterizes the contribution to the heat flow as a result of 

diffusion. 

Using the relationship 

q ' ~ l  n rgt' 

whe re  

Rq =_nq(2kT/mq)I/2 [1-~-~ 6 3 Cvin6 ] 

and the relationship 

we find that 

Drq = mqnq (kT /2mq) 1/2 aqo, 

D r -1o 

q n q 

Dq r - oo -oJ 
. ~ . . $ ~  Qkq= - -  aqln Okq. 
~ . - q . . - q  

q n q 

Having  subs t i tu t ed  these  r e l a t i o n s h i p s  into (25) and us ing  the equa t ion  Q~lq, = Q~Oq, we obta in  

(26) 

(27) 

A =  k--3 ( Z ~  RqiPqq'Rq'l @ Z aqtRqi) ' 
q q" q 

w h e r e  

Rq~= 15 (2kT] 1/~ " 
~ - n q  \ m--~] 

Then  

q q" 

A s s u m i n g  that  Xtra.ns = 0, we obta in  the e x p r e s s i o n  fo r  the coef f i c ien t  of t h e r m a l  conduc t iv i ty  r e s u l t i n g  
11 f r o m  the i n t e rna l  d e g r e e s  of f r e e d o m  in t e r m s  of the m a t r i x  d e t e r m i n a n t  Qqq, 

qq ,  ~ L * q q ,  ~ . . . qq ,  ~ ~ q q ,  

r~176 r~176 " x 0 /~-- r~176 r~176 " (28) ~irl ~" 4 ~,qq" ~ ~qq, , �9 �9 �9 ~qq, ~ "~qq, �9 

Xq Xq, , . . 

He re 

L l O , O l  T01,10 0,  
q q ,  ~ ~ . ,qq ,  

!r 1 0 . 1 O  2XqXq'MqA/Iq"  ( 5 5  * * )  
= 2 * - -  3Bqq,  - -  4Aqq, , 

~"qq" (Mv+Mq,) Aq&qq, 4 
LOl,Ol 0when q @ q', qq, 

LOl,Oi 64 X q m q  1 - V J  Xqomq-----~ ~  

qq 3 k T  Cv inZ-- . . l  trtq+mq. *~qq" " 
q q" 

(29) 
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Relationship (28) can be presen ted  in the  form 

2 . ~ 0 1  Ol ~fn = 4 ~ XqlLqq' , 
q 

and the t e rm a (q~) can be expres sed  in the form of a ra t io  of the diffusion coefficient  so that 

,r )-,. 
\ . ,~ , ,d  Xq Dqq, 

q~l q" 

(30) 

(31) 

Since kq 

at low temperatures has the form 

q=l 1 "-~ V .  Xq" Dqq 
Xq Oqq, 

q'~l 
q@q" 

= nDqqcvqin, the expression for the coefficient of thermal conductivity for the gas mixture 

(32) 

mq 
h 
k 
tt 
Vq 
Gq 
Vq = Vq - v 0  
T 
% 
P 
Wq 
3/qq, = ~(pqq,/2kT)gqq, 
g= Vq - Vq, 
Sn~m) (x) 
k 
Dqq, 
D T 
_q  
Vq 
Xq 

Cvin 
Vo 
kq 
t 

NOTATION 

is the mass of the q-th kind of molecule; 
is the Planck constant; 
is the Boltzmann constant; 
is the reduced mass of the molecule; 
is the velocity of the q-th kind of molecule; 
is the statistical weight of the q-th kind of molecule ; 
is the thermal velocity of the molecule; 
is the temperature; 
is the numerical density of the q-th kind of molecule ; 
is the total density of the gas mixture; 
is the reduced velocity of the q-th kind of molecule; 
is the reduced initial relative velocity; 
is the relative velocity; 
are Sonin polynomials; 
is the coefficient of thermal conductivity for the mixture; 
is the coefficient of mutual diffusion; 
is the coefficient of thermal diffusion; 

is the diffusion velocity of the q-th kind of molecule ; 
is the molar concentration of the q-th component; 
is the heat capacity due to the internal degrees of freedom; 

is the mean mass velocity; 
is the thermal conductivity of the q-th component; 
is the time. 

i. 

2. 

3. 

4. 
5. 
6. 
7. 
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